We examine a one-parameter family of analytical solutions representing spherically symmetric collapse of a nonlinear massless scalar field with self-interaction in an asymptotically flat spacetime.
I. INTRODUCTION
Sufficient mass accumulation in a confined space forms a black hole. Due to the stability of the Minkowski spacetime, sufficiently small initial data will remain small in time evolution. Both scenarios were explored analytically by Christodoulou [1] , for which he considered minimally coupled massless scalar fields in spherical symmetry, and established various fundamental theorems. Using the same model, Choptuik investigated the threshold of black hole formation by numerical means [2] , and demonstrated that the scalar wave either collapses to a black hole or disperses to infinity, with a critical solution separating them.
Universality and self-similarity of the critical solution and power scaling laws of the black hole masses were identified, which have now fallen under the name "critical phenomena" (see, e.g., review articles [3, 4] ). Since Choptuik's breakthrough, critical phenomena have been extended to many other matter fields. Particularly for minimally coupled scalar fields with potentials, they have been observed in quadratic potentials m 2 φ 2 (massive scalar) [5] and symmetrical double-well potentials [6] .
Besides the numerical approach, attempts have been made to explore the possibility of constructing exact solutions that exhibits critical behaviors in the Einstein-scalar theory.
Unfortunately, such solutions seem quite rare and difficult to find. Perhaps the most wellknown example is Roberts' one-parameter self-similar solution [7] , which has been analysed for different parameter regimes [8] and used as a toy model for critical collapse. The Wyman solution has also been argued to exhibit a type of critical behavior [9] , even though it is static and has no significant relevance to gravitational collapse.
Very recently, a one-parameter family of exact time-dependent spherically symmetric solutions were discovered in four-dimensional Einstein gravity minimally coupled to a dilaton scalar field with a self-interaction potential [10] . For a certain range of the parameter, the solution represents gravitational collapse to a static scalar-hairy black hole in an (A)dS or Minkowski background. The solution also reduces to the Roberts solution in an appropriate limit, and therefore a connection to critical collapse was suspected. In this paper, we will
show that this suspicion is justified.
The paper is organized as follows. In the next section, we will first present the timedependent solution along with its scalar invariants, the energy-momentum tensor and masses.
The energy conditions and the relation to the Roberts solution are also discussed. In Section III, we move on to details of critical behaviors in three distinct parameter regimes: the subcritical, critical and supercritical. We use the Misner-Sharp mass to identify the apparent horizon, the causal nature of the central singularity and the black hole mass. Additionally, we analyze outgoing radial null geodesics and draw the Penrose diagrams for each regime.
Then the paper is concluded in Section IV.
II. THE TIME-DEPENDENT SOLUTION
In this section, we consider the minimally coupled Einstein-scalar field with a scalar potential. The Lagrangian density takes the form
where φ is a real-valued scalar field and V its potential with a coupling constant λ. This particular potential function was due to Zloshchastiev [11] (see also [12] ), for which we have removed terms that contributes to a nonzero cosmological constant such that V (0) = 0. The potential has an odd parity and a Taylor expansion V (φ) = − Hence we are dealing with a self-coupled nonlinear massless scalar field. Moreover, the potential is strictly monotonic and unbounded from below (asymptotically, V (φ) ∼ −2λφ exp(±φ) for φ → ±∞). Therefore various established no-hair theorems for minimally coupled scalar fields can be bypassed (see, e.g., [13] ).
From the Lagrangian density (1), the energy-momentum tensor for the scalar field is
The Einstein equations (G µν = T µν ) and the Klein-Gordon equation can be written as
To construct time-dependent solutions, we have followed the Newman-Penrose formalism and further extended a generalized form of the Robinson-Trautman solution [14, 15] for nonlinear scalar fields. In Eddington-Finkelstein-like coordinates, the resulting metric [10] is given by
where v is an advanced time and the area radius R is not to be confused with the Ricci scalar R α α . The solution contains one free real parameter q, commonly known as the scalar charge. For the Newman-Penrose formalism, one can pick the following the null tetrad:
with the complex coordinate ζ = √ 2 tan(θ/2) exp(iϕ). Accordingly, the only non-vanishing Weyl scalar is
Thereby the spacetime is of the Petrov type D, and it possesses two congruences of null geodesics along the double principal null directions ∂ r and 2∂ v + H∂ r , both being shearfree and non-twisting. The Ricci scalar is
Both quantities indicate a curvature singularity at the center r = 0 and that the metric is asymptotically flat as r → +∞.
To study the global structure, it is preferable to use the area radius R for coordinates (though we will still perform certain calculations with the (r, v)-coordinates for simplicity).
Thus with
we can transform the metric into a standard form for spherically symmetric spacetimes:
q tanh(λqv)
where the function
is the Misner-Sharp quasi-local mass which one may interpret as the gravitational mass inside a sphere of the area radius R at an advanced time v. This mass function reduces to the Bondi-Sachs (BS) and ADM masses in appropriate limits [16] . Specifically, one has
which measures the mass on null hypersurfaces of constant v. Similarly, the ADM mass is
which represents the conserved total mass of the scalar field.
To ensure the positivity of the asymptotic masses, one should at least require λq ≥ 0.
Without loss of generality, we only consider λ > 0 and q > 0 from now on. The case for λ < 0 and q < 0 can be equally obtained by mapping λ → −λ, q → −q and φ → −φ which leaves V (φ), the equations of motion and the metric (14) invariant.
In terms of the coordinate R, the Ricci scalar, as a curvature invariant, can be calculated by directly plugging (13) into (12) . Particularly near v = 0, we have
Expressions for the energy-momentum tensor are, unfortunately, too cumbersome to be fully exhibited here:
We make a note that all listed components above become singular at R = 0 (analogous to T µν of the Vaidya solution [18] ) and that the only non-vanishing component at v = 0 is T vv .
The energy-momentum tensor (3) for minimally coupled scalar fields with potentials always satisfies the null energy condition. Additionally, since V (φ) ≤ 0, it satisfies the strong energy condition as well [19] . However, the weak energy conditions can be violated locally in the spacetime, depending on the parameters λ and q. But we can show that it is fulfilled for large r in the static limit (see Appendix A).
Furthermore, the solution we have described so far is closely related to the Roberts solution [7] for linear scalar fields without self-interaction potentials. To recover the latter, one only needs to reparameterize q = p/λ and take λ → 0 such that V (φ) vanishes and the metric (6) becomes
Thereby we may follow Roberts' example [8] in discussing various global aspects of our solution. Comparisons between the two may also benefit our discussion. In this regard, we recall that the black hole mass of the Roberts solution grows to infinity as v → +∞ (to see this, perform the aforementioned limit in (18)). This undesirable property is clearly avoided in our solution on account of the extra V (φ).
III. CRITICAL BEHAVIOR
Given that the quantities Ψ 2 , R α α and M(R, v), as well as the scalar field φ, all vanish at v = 0, we can match the spacetime continuously across the null hypersurface v = 0 with a Minkowski spacetime for v ≤ 0. Thus we consider incoming flux of the scalar wave to be turned on at the advanced time v = 0. By doing so, we also exclude the region where the Bondi-Sachs mass becomes negative (cf. (17) with v < 0).
As v → +∞, we have tanh(λqv) → 1 and the solution (6) (also (14)) reaches a static limit. With the time-dependence fading away, we can rewrite the resulting metric in a Schwarzschild-like form [12] :
where we have adopted dt = dv + dr/f . To reinstate the area radius R, one can resort to
Analogous to the Wyman solution [9] , the static solution itself also demonstrates a "phase transition" at the special value q = 1/ √ λ. A first clue for this is to look at the outgoing null geodesics emanated from the center:
which indicates that the singularity is completely censored (no light emitted) if 1 − λq 2 < 0, but (at least) locally naked if 1−λq 2 > 0. This relates to the fact that the central singularity is covered by an event horizon only when 1 − λq 2 < 0 [12] .
Similarly for the dynamical solution, the existence of an apparent horizon also relies on the sign of 1 − λq 2 . The apparent horizon is determined by the root of g µν ∂ µ R∂ ν R = 1 − 2M(R, v)/R = 0. For a given v > 0 (also recall λ > 0, q > 0), the metric function e 2β (1 − 2M/R) is strictly increasing from 1 − λq 2 to 1 as R goes from 0 to +∞. Hence a unique apparent horizon exists iff 1 − λq 2 < 0. Furthermore, the criticality of q = 1/ √ λ also presents itself in the Misner-Sharp mass function:
=⇒ lim
The sign of M above implies that the central singularity is timelike and untrapped for q < 1/ √ λ, and spacelike and trapped for q > 1/ √ λ [16] . Typical graphs of the mass function in the static limit are given in FIG. 2 . From the plot, one can see that the mass function is typically increasing for large R. But for q > 1/ √ λ, it can be decreasing immediately outside the event horizon, which indicates a local breakdown of the dominant energy condition [16] . Depending on the value of the parameter q, we can now classify the time-dependent solution into three different types, i.e., the subcritical (
and supercritical (q > 1/ √ λ). The Penrose diagram is given in FIG. 3 . The solution represents a scalar field collapsing from the past null infinity towards the center at R = 0. The gravitational interaction is not strong enough to create a black hole. However, the wave packet is not dispersing away to infinity after colliding at the center. Instead, it forms a globally naked timelike singularity which has negative mass and becomes static as the time progresses. This collapse outcome is a major deviation from the subcritical case of the Roberts solution and Choptuik's numerical examples [2] . Naked central singularities have also been shown to exist in self-similar collapse of scalar fields [17] . 
The Penrose diagram is shown in FIG. 4 , which is qualitatively no different from the critical case of the Roberts solution [8] . The central singularity is also null due to
The mass function vanishes at the singularity (cf. (29)), while the curvature diverges there.
In the (r, v)-coordinates, the outgoing radial null geodesics obey
At the center, we have It is normally expected that critical solutions in scalar field collapse may possess selfsimilarity, e.g., the Roberts solution. However, in Appendix C, we show that self-similarity (homothety) is in fact missing from our solution, not only for the critical case, but for all q > 0. and tend to a finite value as it approaches the event horizon from the inside. This is indeed confirmed by the numerical plot, as well as all other samples tested by us with various inputs of q.
By definition, the event horizon is always null. To locate the event horizon, one needs to look for outgoing radial null geodesics that are not able to reach infinity by propagating them from the center of the spacetime. Preferably, this can be done through numerical integration, since analytical solutions are very unlikely to obtain. As one may expect, the event horizon extends beyond the null hypersurface v = 0 into the initial flat region, which means that it comes to exist before the central singularity starts to form. This is a teleological feature also seen in the Vaidya spacetime. Moreover, in the limit v → +∞, the event horizon of the dynamical black hole will match the static one (cf. (24)).
In dynamical spacetimes, a black hole can be locally defined by its apparent horizon.
Thereby one can evaluate the Misner-Sharp mass on the apparent horizon as a measure of the mass of a dynamical black hole, i.e., M AH (v) = R AH (v)/2. Following this definition, in order to obtain the final mass of the black hole, one needs to take the limit v → +∞:
Here the final area radius of the black hole, denoted by R F , is determined by
Now consider the near-critical regime with q ≃ 1/ √ λ. For a small R F , the right-hand side of the above equation has the following generalized series expansion:
Ignoring higher order terms, we obtain an approximate scaling law for the black hole mass:
This product-logarithmic relation (Lambert W -function) is significantly different from the power law of Choptuik. In addition, by a similar argument for small v > 0, we have also determined that the initial growth of the black hole mass follows
which resembles the power law of the Roberts solution for having the same exponent 1/2.
IV. CONCLUSION
The basic physical picture we have drawn so far is the following: an imploding scalar wave packet, with the spherical wave front (located at the advanced time v = 0) travelling inward at the speed of light, collides at the center of the 3-dimensional physical space. Depending on the strength of the wave packet, it either forms a globally naked singularity in weak-field collapse, or a hairy black hole in strong-field collapse. In case of the latter, the formation of black holes always starts with zero mass. In both cases, the spacetime is becoming static as the collapse reaches its ending. Meanwhile, the total mass stays finite. There also exists a critical case interpolating between these two dominant outcomes, of which the spacetime is sitting on the verge of containing a naked singularity or a black hole, but just avoiding both.
The phenomenology of our model has unusual features, but it still fits into the basic picture of critical collapse. Major deviations from previously known examples of critical phenomena are at least threefold: 1) the presence of naked singularities as the endstate of weak-field collapse instead of dispersal to infinity, 2) the absence of self-similarity in the critical case, 3) the product-logarithmic scaling law of the black hole mass in contrast to the usual power law. All these features may be attributed to the unbounded negative scalar potential. With the black hole mass being kept finite, our solution can also be considered as a "regularized" generalization of the Roberts solution which has been thought unfavorable for not having an event horizon.
For future work, we point out that more is yet to be understood regarding the legitimacy and universality of the "critical solution" with q = 1/ √ λ. The stability of the solution also raises important questions. Furthermore, our earlier paper [10] also includes dS and AdS generalizations of the solution (6). It is expected that the local picture of the naked singularity/black hole formation may not be affected by the introduction of an effective cosmological constant, at least when the constant is small. Nonetheless, the global structures will be quite different. Perhaps more interestingly, the singularity/black hole "phase transition" in the AdS background may be further examined in the context of the AdS/CFT correspondence.
Appendix A: The weak energy condition
Without loss of generality, we consider a normalized timelike geodesic vector field v µ = dx µ /dτ such that v α v α = −1 and v µ ∇ µ v ν = 0. The weak energy condition can be expressed
The inequality holds true if the sum of the last two terms above is non-negative. Given the solution (6), we can estimate them as follows:
where the second equality stands for a series expansion at r = +∞. Now consider the static limit v → +∞ in which case the (negative) leading term vanishes. The sum is thus dominated by q 2 /2r 4 > 0 for large r. So the weak energy condition at least holds in this situation.
Another noteworthy situation is to consider a small neighborhood of the center r = 0, where we have 
where H, given by (8) , is non-negative. All we need to show is that the solution to this IVP can never reach r = 0 with 0 ≤ v ≤ v 0 , i.e., r(v) > 0.
For the critical case λ = 1/q 2 , the right-hand side of the equation is bounded above by 
with an integration constant C. Particularly for the initial conditionr(v 0 ) = r 0 , the constant C can be determined as
so that we haver(v) > 0. Then by the virtue of the comparison theorem, the solution of (B1) is bounded below by
This completes the proof.
Then again from (C5), one obtains ξ r = Ar. Plugging them back in (C3) gives one
which fails to hold if A = 0. Therefore we conclude that a homothetic vector does not exist for our solution.
